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Abstract. We provide a simple proof that conformally semi-symmetric spacetimes
are actually semi-symmetric. We also present a complete refined classification of the
semi-symmetric spacetimes.
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1. Introduction
Semi-symmetric spaces were introduced by Cartan [1]. They are characterized by the
curvature condition
∇[a∇b]Rcdef = 0, (1)
where Rcdef denotes the Riemann tensor and round and square brackets enclosing
indices indicate symmetrization and antisymmetrization, respectively. Geometrically,
they satisfy the property that the sectional curvature relative to any tangent plane at
any point remains invariant after parallel translation along an infinitesimal parallelogram
[6, 8].
Semi-symmetric proper Riemannian manifolds were studied in [15, 16], and they are
considered the natural generalization of locally symmetric spaces, i.e., those satisfying
∇bRcdef = 0. This is not the case for general semi-Riemannian manifolds, where the
intermediate condition
∇a∇bRcdef = 0 (2)
is actually feasible [12, 13]. Semi-Riemannian manifolds satisfying (2) are called second-
order symmetric, and are obviously semi-symmetric, but the converse is not true in
general. Semi-symmetric spacetimes (4-dimensional Lorentzian manifolds) have been
considered in [6] as a particular case of the more general pseudo-symmetric case [3].
A semi-Riemannian manifold is said to be conformally semi-symmetric if the Weyl
tensor Cabcd satisfies
∇[a∇b]Ccdef = 0; (3)
Semi-symmetric spacetimes 2
and Ricci semi-symmetric if the Ricci tensor Rab ≡ R
c
acb satisfies
∇[a∇b]Rcd = 0. (4)
It is obvious that semi-symmetric spaces are automatically both conformally and Ricci
semi-symmetric. However, none of these two by itself should imply the former in general.
Surprisingly, for dimensions greater than four conformal semi-symmetry implies semi-
symmetry (for non-conformally flat spaces), see [5, 2].
However, in the four-dimensional proper Riemannian case there are examples of
conformally semi-symmetric spaces which are not semi-symmetric (see Lemma 1.1 in
[4]). Thus, the question arises of what happens for other signatures in four dimensions.
In this short note we want to consider the case of Lorentzian signature, providing a
very simple proof the non-trivial result that conformally semi-symmetric spacetimes
(with non-zero Weyl tensor) are automatically Ricci semi-symmetric. Therefore, semi-
symmetry and conformal semi-symmetry are essentially equivalent in this case. This
equivalence is implicit in [7] (see Theorem 95), but we would like to present herein a
very simple and completely direct proof of the result.
2. Main results
Even though the calculations can be carried out in tensor formalism, it is much more
efficient to resort to spinorial techniques. Thus, we will use the standard nomenclature
and conventions in [10, 11], except for the scalar curvature R ≡ Rcc, as we will not use
the usual Λ ≡ R/24 notation.
Lemma 1. Conformally semi-symmetric spacetimes are of Petrov type N, with
ΨABCD = Ψ4oAoBoCoD, ΦABA′B′ = Φ22oAoBoA′oB′ , R = 0, (5)
or Petrov type D, with
ΨABCD = 6Ψ2o(AoBιCιD), ΦABA′B′ = 4Φ11o(AιB)o(A′ιB′), R = −12Ψ2.(6)
Proof. In spinors (3) is equivalent to ABΨCDEF = 0 and A′B′ΨCDEF = 0, or
XAB(C
GΨDEF )G = 0, (7)
ΦA′B′(C
GΨDEF )G = 0. (8)
The first condition, (7), can be rewritten as
24ΨAB(C
GΨDEF )G = −R
(
εA(CΨDEF )B + εB(CΨDEF )A
)
. (9)
Contracting this over BC yields
12Ψ(AD
BGΨEF )BG = RΨADEF . (10)
This can only be satisfied for Petrov types D and N‡. For type N, ΨABCD =
Ψ4oAoBoCoD and R = 0, while for type D we have ΨABCD = 6Ψ2o(AoBιCιD) and
‡ The reason is that, for a general ΨABCD = α(AβBγCδD), one gets non-vanishing terms like
αAαCβBβD
(
γEδE
)2
on the left-hand side which are not present in ΨABCD.
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R = −12Ψ2, see [11] p.261. Condition (7) can then be verified to be satisfied in both
cases.
For the second condition, (8), in type N one gets Φi0 = 0 and Φi1 = 0, for all
i = 0, 1, 2, after contracting with oC and ιCιDιEιF , respectively. Hence,
ΦABA′B′ = Φ22oAoBoA′oB′ . (11)
Similarly, for type D, contracting with oCoDoE and ιAιBιC gives
ΦABA′B′ = 4Φ11o(AιB)o(A′ιB′), (12)
which can then be checked to satisfy (8).
Lemma 2. Conformally semi-symmetric spacetimes are Ricci semi-symmetric.
Proof. In spinors (4) is equivalent to εA′B′ABΦCDC′D′ + εABA′B′ΦCDC′D′ = 0. We
show that ABΦCDC′D′ = 0, or equivalently that
XABC
EΦEDC′D′+XABD
EΦCEC′D′+ΦABC′
E′ΦCDE′D′+ΦABD′
E′ΦCDC′E′ = 0.(13)
The two last terms vanish here, since in both cases, (5) and (6), ΦABA′B′ is of the
form ΦABΦ¯A′B′ , and expanding the other two terms gives
24ΨABC
EΦEDC′D′ + 24ΨABD
EΦCEC′D′
+R (εACΦBDC′D′ + εBCΦADC′D′ + εADΦBCC′D′ + εBDΦACC′D′) = 0.
This is trivially satisfied for type N, while substitution of (6) shows that it is also
satisfied for type D.
The above two lemmas imply our main result:
Theorem 3. In four-dimensional —non-conformally flat— spacetimes, conformal semi-
symmetry is equivalent to semi-symmetry,
∇[a∇b]Ccdef = 0 ⇐⇒ ∇[a∇b]Rcdef = 0. (14)
Furthermore, the semi-symmetric spacetimes are of Petrov types D, N, or O.
3. Classification
A classification of semi-symmetric spacetimes was given in [6] in the context of pseudo-
symmetric spacetimes. However, this classification only considered the algebraic
restrictions arising from the condition (1), without analyzing the compatibility
differential conditions derived thereof.
Here, we present a complete classification of the (conformally) semi-symmetric
spacetimes. From the previous results, there are two main possibilities, types D and N.
Then we have:
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3.1. Type D
Taking into account the previous results the Ricci tensor can be written as
Rab = Ak(aℓb) +Bm(am¯b),
where ka = oAoA′ and ℓa = ιAιA′ are the two multiple principal null directions and
ma = oAιA′ is a complex null vector completing the usual null tetrad. The scalars A
and B are proportional to 3Ψ2 ± 2Φ11, respectively.
Observe that Ψ2 is real, so that these spacetimes are purely electric [14] with respect
to the timelike direction defined by ka + ℓa.
The Bianchi identities written in the Newman-Penrose (NP) formalism [9, 14]
provide easily the following necessary conditions
Aσ = Aλ = Aµ = Aρ = 0, (15)
Bκ = Bν = Bπ = Bτ = 0 . (16)
The generic case is given by A 6= 0 6= B, which leads to σ = λ = µ = ρ = κ = ν =
π = τ = 0. This immediately implies that ∇akb = vakb and ∇aℓb = −vaℓb for some
vector field va. In other words, the two principal null directions are recurrent. It follows
that the tensor kaℓb is covariantly constant and therefore that the spacetime is 2 × 2
decomposable, see e.g. [13, 14]. Thus, the generic type-D semi-symmetric spacetimes
are precisely the 2 × 2 decomposable ones.
The special cases are given by 3Ψ2 ± 2Φ11 = 0.
If 2Φ11 = −3Ψ2 (A = 0) we get κ = ν = τ = π = 0. The principal null directions
are geodesic but not necessarily shear-free. One can then check, with some patience,
that all remaining NP equations are compatible.
If 2Φ11 = 3Ψ2 (B = 0) we get ρ = µ = σ = λ = 0, so that in general the
principal null directions are not necessarily geodesic. Again all remaining NP equations
are compatible. (In this case it is worth mentioning that, as one can easily see, the
Einstein tensor Gab = −Am(am¯b) can never satisfy the dominant energy condition.)
Note finally that 1 × 3 decomposable spacetimes which are the product of a real
line times a semi-symmetric 3-dimensional Riemannian manifold belong to these cases,
because all static spacetimes are necessarily of Petrov types I, D, or 0.
3.2. Type N
In this case, the Ricci tensor takes the null radiation form
Rab = 2Φ22kakb .
The Bianchi identities in the NP form provide the following conditions
κ = 0, σΨ4 = ρΦ22
together with other differential relations. Thus, in general the unique principal null
direction ka is geodesic but can be shearing, twisting and expanding. The remaining
Bianchi identities and the rest of the NP equations can be seen to be compatible.
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The second-order symmetric spacetimes —characterized by (2)— which are not
locally symmetric must have a covariantly constant null vector field [13], from where one
can infer that they belong to the particular class of type-N semi-symmetric spacetimes
with σ = ρ = 0, so that Ψ4 and Φ22 are in that case independent.
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